Quantum LC - circuits with diffusive modification of the continuity equation 
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Proofs are given that the quantum-mechanical description of the LC-circuit with a time dependent 
external source can be readily established by starting from a general discretization rule of the electric 
charge. For this purpose one resorts to an arbitrary but integer-dependent real function F(n) instead 
of n. This results in a nontrivial generalization of the discrete time dependent Schrdinger-equation 
established before via F(n)=n. Such generalization leads to site-dependent hopping amplitudes as 
well as to diffusive modification of the continuity equation. One shows, in particular, that there are 
firm supports concerning rational multiples of the elementary electric charge. 
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I. INTRODUCTION 

Quantum transport of carriers in nanoscale sys- 
tems has recived much interest during the last two 
decades 1 - 5 . It has been realized that fluctuations of the 
electric current are able to be implemented by virtue 
of the discretness of electric charge Q 6 10 . Such Issues 
opened the way to the quantum-mechanical description 
of LLC-circuits. Accordingly, current fluctuations have 
to be understood as typical manifestations of appropiate 
quantum-mechanical Hamiltonians incorporationg com- 
plementary charge and magnetic flux observables. Stud- 
ies in this field look promising, as they provide ideas 
for further technological developments. The discretized 
charge reffered to above means that the application of 
the discrete calculus looks rather suitable. The under- 
standing is that discrete tight binding models rely natu- 
rally on semicnductor quantum wells and nano-electronic 
devices 1 -^. The aim of this short paper is to discuss in 
some more detail the quantum-mechanical description of 
the mesoscopic LC-circuit with a time dependent volt- 
age source V s (t). So far the discrete Schrodinger equa- 
tion characterizing the LC-circuit has been established 
by starting from the charge eigenvalue equation ^ 12 14 : 



Q q \n) = nq e \n) 



(1) 



where n is an integer playing the role of the discrete coor- 
dinate. This shows that the electric charge gets quantized 
in units of the elementary electric charge q e = e, as indi- 
cated by (2.2) inS, or by (1) i n 12 14 . One could also say 
that q e = 2e when dealing with Cooper-pairs^. However, 
more general charge quantization rules can also be pro- 
posed. For this purpose we shall resort to an arbitrary 
n-dependent function F(n) instead of n. This results 
in a generalized counterpart of the discrete Schrodinger- 
equation relying on |T]) as well as in non-trivial modifica- 
tion of the charge conservation law. Such modifications 
indicate that we have to account for diffusion effects. One 
start from an appropriate implementation of the canon- 
ically conjugated observable, i.e. of suitable magnetic 
flux operators. For this purpose the charge discreteness 



will be handled by applying left- and right-hand dis- 
crete derivatives, i.e V and A=s, to charge eigenfunctions 
one deals with. This provides a pair of non-Hermitian 
but conjugated magnetic flux operators. The product 
of such operators is then responsible for the Hermitian 
operator of the square magnetic flux. Of curse, the Her- 
mitian magnetic flux operator, which plays the role of 
the momentum, can also be readily established in terms 
of a subsequent symmctrization. 



II. PRELIMINARIES AND NOTATIONS 

We have to recall that the classical RLC-circuit is 
described by the balance equation: 



L- 



dJ 
"dt 



IR 
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Vs(t) 



(2) 



in accord with Kirchhoff 's law, where the current is given 
by I = dQ/dt, as usual. Inserting R = 0, leads to the 
Hamiltonian 
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QV S (t) 



(3) 



where $ = ILc and L stand for the magnetic flux and 
the inductance, respectively. Indeed, (|5J) is produced by 
Hamiltonian equations of motion characterizing ([3]): 



I 



and 



d_ 

dt 



dQ _ dU _ 
dt ~ d ($/c) _ Lc 



(4) 



(5) 



as usual. This also means that the electric charge Q 
and <f>/c are canonically conjugated variables. This result 
suggest that the quantization of the LC-circuit could be 
done in terms of the canonical commutation relation 



[Q, <f>] = ihc 



(6) 



2 



in which case one gets faced with the flux-operator— 

d 



$ = -ihc 



dQ 



(7) 



However, a such realization is questionable be- 
cause the electric charge, such as defined by (JTJ) is not 
a continuous observable. This means that the introduc- 
tion of a discretized version of ([7]) like 



. he . 

-i— A 

<7e 



(8) 



for which = —iticV/q e is in order. The Hermitian 
time-dependent Hamiltonian of the quantum LC-circuit 
can then be established as 



<!> + <I> O 2 



(9) 



in which Ti. q °^ — $+$ g /2Lc 2 has the meaning of the ki- 
netic energy. The Hermitian momentum operator can 
also be readily introduced as P q = + <& q ) /2. Note 
that right- and left-hand discrete derivatives referred to 
above proceed asi^- 



A/ (n) = / (n + 1) - / (n) 



and 



(10) 



(11) 



V/(n) = /(n)-/(n-l) , 
so that A + = — V and 

VA = A-V. (12) 
In addition, one has the product rule 
V (/ (») g (n)) - g (n) Vf (n) + f (n - 1) V 5 (n) (13) 
and similarly for A. 



III. GENERALIZED VERSION OF THE 
ELECTRIC CHARGE QUANTIZATION 

Looking for generalizations let us replace fTJ) by 
the charge eigenvalue equation 



Q q \n) = q e F (n) \n) , 



(14) 



in which F (n) is an arbitrary integer-dependent real 

function. We have to assume that, in general, \n) is dif- 
ferent from \n). Working within the subspace spanned 

by |n), one finds 



and 



Q q A = q e F (n + 1) A + q e AF (n) , (15) 



VQ, = q e F (n - 1) V + q e VF (n) . (16) 



Performing the Hermitian conjugation gives 
\7Q q = q e F (n) V and AQ 9 = q e F (n) A, where Q+ = 
Q g . Accordingly 



and 



<? e AF (n) (1 + A) 



q e VF (n)(l-V) 



(17) 



(18) 



Now we are ready to introduce rescaled magnetic 
flux operators like 



jfic / 1 
\ AF (n) 



(19) 



which can be viewed as the generalized counterparts of 
© and 



~ + = _gc / 1 
9 g e VvF(n) 



V 



1 



1 



AF (n) VF (n) 



(20) 



Accordingly, the interaction-free Hamiltonian is 
given by 



Hi 0) -► Wi 0) 



"« ' 2Fc 2 
which can be rewritten equivalently as 

h 2 



r(A-V). 



2L (n)<z 2 

This time the inductance gets rescaled as 
L->L(n) = L(VF(n)) 2 



(21) 



(22) 



(23) 



whereas the discrete right hand derivative A is replaced 
by 



A = (l-G(n))A . 



One has 



G{n) = 1- 



VF (n) 



(24) 



(25) 



AF (n). 

which leads to sensible effects for non-linear realizations 
of F(n). Under such conditions the discrete Schrodinger 
equation implemented by the generalized charge quanti- 
zation condition Q14p is given by 

!r (t) - 



ft 2 (l-G(n)) ^ MM . h d 
2L(n)<z 2 + W & " W 2L(n)g 2 



1 



_£(n) q 2 
which leads to the usual result 9 



C n (t) 



(26) 



^7—0 iPn+l + Cn-l) + A = ih^-C n (t) (27) 
ILqj, ot 



with A = 



%n 2 - q e nV s (t) + ^ C n (t) via F(n) -» n 
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IV. MODIFIED CHARGE CONSERVATION 
LAWS 

One seens that (|26l) . which differs in a sensible 
manner from (|27p . has a rather complex structure such 
as involved by the n-dependence of coefficients and espe- 
cially of hopping amplitudes. However, (|26p as it stands 
provides useful insights for a more general description of 
quantum mechanical circuits. Indeed, (|26[) produces a 
modified continuity equation like 



d_ 

df 



p„(t) + A J n (t) =g„{t) 



(28) 



where 

Pn(t) = \C n (t)\ 2 (29) 
denotes the usual charge density, whereas 

h 



AJ„(t) = 



L (n) q'i 



lm[C n (t)C* n _ x {t)] (30) 



stands for the related current density. The additional 
term in the continuity equation is 



g n (t) = G(n) L{ " + 1) J n+1 (t) 
L(n) 



(31) 



which shows that there are additional effects, say diffu- 
sion processes, which are able to affect the time depen- 
dence of the charge density. This results in the onset of 
an extra charge density like 

^(i) = -GW^ f Jn+i(t')dt> (32) 

relying typically on the nonlinear attributes of the gen- 
eralized charge discretization function. The total charge 
density is then given by 



i% t (t) = P»<t) + d? ff (t) 



(33) 



in which it has been assumed that — > when 
t — > oo. 



V. OTHER DETAILS 

After having been arrived at this stage, a system- 
atic study of charge discretization function would be in 
order, but such tasks go beyound the immediate scope of 
this short paper. Choosing, however, a rational general- 
ization of |T]) like 



F(n) 



P 



(34) 



where P and Q are mutually prime integers, one finds 
immediately that (f2"7) reproduces just in terms of 
substitution 



Qe 



P 



(35) 



This shows that q e and Pq e /Q can be placed on 
the same footing. Accordingly, we are in a firm position 
to replace the elementary electric charge q e by a rational 
multiple like Pq e /Q, which represents, strictly speaking, 
a non-trivial result. In addition, (f34|) leads this time to 
G(n) = 0, so that the usual form of the charge con- 
servation law gets restored. We have to recognize that 
nonlinear realizations of the charge discretization func- 
tion F(n), although interesting from the mathematical 
point of view, are not easily tractable. Indeed, they lead, 
in general, to position dependent hopping amplitudes, to 
anharmonic effects as well as to complex valued energy 
dispersion laws. Moreover, in such cases the equivalence 
between the L-ring circuit and the electron on the ID 
lattice under the influence of the induced time depen- 
dent electric field is lost and the same concerns inter- 
related dynamic localization condition s 12 ) 17 . In other 
words, quantum LC-circuits may be rather complex, but 
this is the point where (|2"6")l looks promising for applica- 
tions concerning diffusive motion of electrons or of other 
carriers. Unusual commutation relations like 



and 



Q 



= —ihc 1 



-ihc 



l + i-fAF(n)<f> q 

v he 



■ Qe 



■i|VF(n)$, 



(36) 



1 



AF(n) 

(37) 

have also to be mentioned. Such relationships can be 
viewed as non-Hcrmitian versions of generalized canon- 
ical commutation relations acting on non-commutative 
spaces^fi^, which looks rather challenging. Going back 
to (f3"4"|) yields, however, a closed algebra encompassing 
the kinetic energy, the momentum and the charge, as 
indicated before^. 



VI. CONCLUSIONS 

In this paper we succeed to establish the quantum- 
mechanical description of LC-circuits by starting from a 
rather general discretization rule for the electric charge. 
To this aim one resorts to a real, but integer dependent 
function F(n) instead of n. This leads to the generalized 
discrete Schrodinger-equation (|26p . which reproduces the 
usual result as soo as F(n) — n. A such generalized 
equation is able to incorporate additional diffusion ef- 
fects, as indicated by (|28[) and (|3"2")) . It is understood 
that such effects go beyond the charge conservation pro- 
ceeding usually in terms of ingoing and outgoing electron 
flows. Equation (|35p shows that we are in a firm posi- 
tion to replace the elementary electric charge q e by a 
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